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Abstract
In the three dimensional flat space any classical Hamiltonian, which
has five functionally independent integrals of motion, including the
Hamiltonian, is characterized as superintegrable. Kalnins, Kress and
Miller [1] have proved that, in the case of non degenerate potentials,
i.e potentials depending linearly on four parameters, with quadratic
symmetries, posses a sixth quadratic integral, which is linearly inde-
pendent of the other integrals. The existence of this sixth integral
imply that the integrals of motion form a ternary parafermionic-like
quadratic Poisson algebra with five generators. The Kepler Coulomb
potential that was introduced by Verrier and Evans [2] is a special case
of superintegrable system, having two independent integrals of motion
of fourth order among the remaining quadratic ones. The correspond-
ing Poisson algebra of integrals is a quadratic one, having the same
special form, characteristic to the non degenerate case of systems with
quadratic integrals.
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1
1 Introduction
In classical mechanics, a superintegrable or completely integrable is a Hamil-
tonian system with a maximum number of integrals. Two well known ex-
amples are the harmonic oscillator and the Coulomb potential. In the N -
dimensional space the superintegrable system has 2N−1 integrals, one among
them is the Hamiltonian.
Several cases of three dimensional superintegrable systems with quadratic
integrals of motion are described and analyzed by Kalnins, Kress and Miller
[1, 3]. Specifically, Kalnins, Kress and Miller studied a special case of super-
integrable systems in which the potentials depend of four free parameters,
these systems are referred as non degenerate potentials. In the case that one
three dimensional potential have fewer arbitrary constants than four the po-
tential is called degenerate. The generate and non degenerate potentials have
been studied by N.W. Evans [4]. One among the degenerate systems is the
so called Generalized Kepler - Coulomb system [5, 4]
H =
1
2
(p2x + p
2
y + p
2
z)−
k√
x2 + y2 + z2
+
k1
x2
+
k2
y2
(1)
This potential has four integrals of motion quadratic in momenta plus the
Hamiltonian. These quadratic integrals of motion do not appear to close
under repeated commutation and they do not satisfy a quadratic algebra[5]
as it happens for the supeintegrable two dimensional systems[6]. Therefore
one of the open problems is to find the Poisson algebra of the integrals of
motion for the superintegrable system (1).
One of the results of the Kalnins, Kress, Miller paper [1] is the so called
”5 to 6” Theorem, which states that any three dimensional non degenerate
superintegrable system with quadratic integrals of motion has always a sixth
quadratic integral F that is linearly independent but not functionally depen-
dent regarding the set of five integrals A1, A2, B1, B2, H . The last statement
leads to the result that any three dimensional superintegrable non degenarate
system form a, quadratic, ternary Poisson algebra of special character[7],
whose the definition is given in Section 2.
Verier and Evans[2] introduced a new superintegrable Hamiltonian
H =
1
2
(p2x + p
2
y + p
2
z)−
k√
x2 + y2 + z2
+
k1
x2
+
k2
y2
+
k3
z2
(2)
2
which is the non degenerate version of the potential of the generalized Kepler
- Coulomb system (1). The above potential is indeed superintegrable with
quadratic and quartic in momenta integrals of motion. The quartic integrals
are generalizations of the Laplace RungeLenz vectors of the ordinary Kepler
- Coulomb potential[2].
In this paper we prove that the ”5 to 6” theorem of Kalnins, Kress,
Miller[1] can be applied and the associate Poisson algebra is a ternary quadratic
algebra of the constants of motion, which are different of the Hamiltonian.
This algebra is similar to the ternary parafermionic-like algebra for the three
dimensional non degenerate potentials[7]. Therefore the algebra of the gener-
alized Kepler - Coulomb system is also a ternary parafermionic-like algebra.
2 Ternary Parafermionic-like Poisson Alge-
bra
The definition of the Lie algebra g with generators x1, x2, . . . , xn leads to the
following relations
[xi, xj] =
∑
m
cmijxm
where cmij the structure constans. The generators satisfy the obvious ternary
(trilinear) relations
T (xi, xj, xk)
def
≡ [xi, [xj , xk]] =
∑
n
dni;jkxn, where d
n
i;jk =
∑
m
cnimc
m
jk (3)
Generally a ternary algebra is an associative algebra A satisfying whose the
generators satisfy relations like the following one
T (xi, xj, xk) =
∑
n
dni;jkxn
where T : A ⊗ A ⊗ A −→ A is a trilinear map. If this trilinear map is
defined as in eq. (3) the corresponding algebra is an example of the triple
Lie algebras, which were introduced by Jacobson [8] in 1951. At the same
time Green [9] was introduced the parafermionic algebra as an associative
3
algebra, whose operators f †i , fi satisfy the ternary relations:[
fk,
[
f
†
ℓ , fm
]]
= 2δkℓfm[
fk,
[
f
†
ℓ , f
†
m
]]
= 2δkℓf
†
m − 2δkmf
†
ℓ
[ fk, [fℓ, fm]] = 0
We call parafermionic Poisson algebra the Poisson algebra satisfying the
ternary relations: {
xi, {xj , xk}P
}
P
=
∑
m
cmi;jkxm
which is the classical Poisson analogue of the Lie triple algebra (3).
The quadratic parafermionic Poisson algebra is a Poisson algebra satisfy-
ing the relations:
{
xi, {xj , xk}P
}
P
=
∑
m,n
dmni;jkxmxn +
∑
m
cmi;jkxm
A classical superintegrable system with quadratic integrals of motion on a
two dimensional manifold possesses two functionally independent integrals
of motion A and B, which are in involution with the Hamiltonian H of the
system:
{H, A}P = 0, {H, B}P = 0
the Poisson bracket {A, B}P is different to zero and it is generally an integral
of motion cubic in momenta, therefore it could not be in general a linear
combination of the integrals H, A, B. Generally if we the Poisson brackets
of the integrals of motion {A, {A, B}P}P , {{A, B}P , B}P are not linear
functions of the intergals of motion, therefore they don’t close in a Lie Poisson
algebra with three generators. If we consider all the nested Poisson brackets
of the integrals of motion, generally they don’t close in an Poisson Lie algebra
structure.
All the known two dimensional superintegrable systems with quadratic
integrals of motion the have a common structure [10, 11, 6, 12, 13]:
{H, A}P = 0, {H, B}P = 0, {A,B}
2
P = 2F (A,H,B)
{A, {A,B}P }P =
∂F
∂B
, {B, {A,B}P }P = −
∂F
∂A
(4)
4
where F = F (A,B,H) is a cubic function of the integrals of motion
F (A,B,H) = αA3 + βB3 + γA2B + δAB2 + (ǫ0 + ǫ1H)A
2 + (ζ0 + ζ1H)B
2+
+ (η0 + η1H)AB + (θ0 + θ1H + θ2H
2)A+
+ (κ0 + κ1H + κ2H
2)B + (λ0 + λ1H + λ2H
2 + λ3H
3)
(5)
where the greek letters are constants.
3 Non degenerate three dimensional Kepler
- Coulomb ternary parafermionic-like Pois-
son algebra
The non degenerate Kepler Coulomb Hamiltonian (2) has in three quadratic
integrals which in agreement with [4] are:
A1 =
1
2
J2 +
k1(x
2 + y2 + z2)
x2
+
k2(x
2 + y2 + z2)
y2
+
k3(x
2 + y2 + z2)
z2
A2 =
1
2
J23 +
k1(x
2 + y2)
x2
+
k2(x
2 + y2)
y2
B2 =
1
2
J22 +
k1z
2
x2
+
k3x
2
z2
where
J1 = ypz−zpy, J2 = zpx−xpz , J3 = xpy−ypx, J
2 = J21+J
2
2+J
2
3
The Coulomb potential differs from the other non degenerate potentials
that described in [1] since posses one integral of fourth order in addition to
above, quadratic one which denoted by B1 and have the following form:
B1 =
(
J1py−J2px−2z
( −k
2
√
x2 + y2 + z2
+
k1
x2
+
k2
y2
+
k3
z2
))2
+
2k3
z2
(xpx+ypy+zpz)
2
One of the general results in [1] is the so called ”5 to 6” theorem:
5→6 Theorem: Let V be a nondegenerate potential (depending on 4 pa-
rameters) corresponding to a conformally flat space in 3 dimensions
ds2 = g(x, y, z)(dx2 + dy2 + dz2)
5
that is superintegrable and there are 5 functionally independent constants of
the motion L = {Sℓ : ℓ = 1, · · · 5} There is always a 6th quadratic integral S6
that is functionally dependent on L, but linearly independent
In case of Coulomb potential the sixth integral exist and is an integral
fourth order in momenta as well the B1 with general form given by the next
expression:
F =
(
−J1pz+J3px−2y
( −k
2
√
x2 + y2 + z2
+
k1
x2
+
k2
y2
+
k3
z2
))2
+
2k2
y2
(xpx+ypy+zpz)
2
By studying all the known non degenerate potentials given by Kalnins, Kress,
Miller [1], we can show that:
Proposition: In the case of the non degenerate with quadratic integrals
of motion, on a conformally flat manifold, the integrals of motion satisfy
a parafermionic-like quadratic Poisson Algebra with 5 generators which de-
scribed from the following:
{
Si, {Sj , Sk}P
}
P
=
∑
mn
d
m,n
i;jkSmSn +
∑
m
cmi;jkSm (6)
A detailed study of all the cases of non degenerate superintegrable sys-
tems on a flat space can be found in ref.[7]. In all the cases (with one ex-
ception) the Poisson algebra of the integrals of motion is a ternary quadratic
parafermionic-like Poisson algebra (6), which has a specific form.
In all the known cases (with only one exception) the non degenerate
systems we can choose beyond the Hamiltonian H four functionally inde-
pendent integrals of motion A1, B1, A2, B2, and one additional quadratic
integral of motion F , such that all the integrals of motion are linearly in-
dependent. These integrals satisfy a Poisson parafermionic-like algebra (6).
The ”special” form of the algebra defined by the integrals A1, B1, A2, B2 is
characterized by two cubic functions
F1 = F1 (A1, A2, B1, H) F2 = F2 (A1, A2, B2, H)
6
and satisfy the relations:
{A1, A2}P = {A1, B2}P = {A2, B1}P = 0,
{A1, B1}
2
P = 2F1(A1, A2, H,B1) = cubic function
{A2, B2}
2
P = 2F2(A1, A2, H,B2) = cubic function
{Ai, {Ai, Bi}P}P =
∂Fi
∂Bi
, {Bi, {Ai, Bi}P}P = −
∂Fi
∂Ai
{{A1, B1}P , B2}P = {A1, {B1, B2}P}P , {{A2, B2}P , B1}P = −{A2, {B1, B2}P}P
(7)
If we put
C1 = {A1, B1}P , C2 = {A2, B2}P , D = {B1, B2}P ,
the relations (12) imply the following ones:
{C1, B2}P C1 −
∂F1
∂A2
C2 −
∂F1
∂B1
D = {C2, B1}P C2 −
∂F2
∂A1
C1 +
∂F2
∂B2
D = 0
{C1, C2}P =
∣∣∣∣∣∣∣
{A1, D}P −
∂F1
∂A2
∂F2
∂A1
{A2, D}P
∣∣∣∣∣∣∣
D
=
∣∣∣∣∣∣∣
−
∂F1
∂B1
{A1, D}P
−
∂F2
∂B2
∂F2
A1
∣∣∣∣∣∣∣
C2
=
∣∣∣∣∣∣∣
−
∂F1
∂A2
−
∂F1
∂B1
{A2, D}P −
∂F2
∂B2
∣∣∣∣∣∣∣
C1
(8)
and
{C1, C2}P =
∂F1
∂B1
∂F2
∂A1
C1 +
∂F1
∂A2
∂F2
∂B2
C2 +
∂F1
∂B1
∂F2
∂B2
D
C1C2
Schematically the structure of the above algebra is described by the fol-
lowing ”Π” shape
A1



___ A2



B2 B1
(9)
where with dashed line represented the vanishing of Poisson bracket whereas
the other brackets between the integrals are non vanishing Poisson brackets.
It is important to notice that the integrals A1, B1 satisfy a parafermionic-
like quadratic Poisson algebra similar to the algebra as in two dimensional
case (4). The corresponding structure function to the two dimensional one
7
(5) can be written as:
F1(A1, B1, H,A2) = α1A
3
1 + β1B
3
1 + γ1A
2
1B1 + δA1B
2
1 + (ǫ01 + ǫ11H + ǫ21A2)A
2
1+
+ (ζ01 + ζ11H + ζ21A2)B
2
1 + (η01 + η11H + η21A2)A1B1+
+ (θ01 + θ11H + θ21H
2 + θ31A2 + θ41A
2
2 + θ51A2H)A1+
+ (κ01 + κ11H + κ21H
2 + κ31A2 + κ41A
2
2 + κ51A2H)B1+
+ λ01 + λ11H + λ21H
2 + λ31H
3 + λ41A2 + λ51A
2
2 + λ61A
3
2+
+ λ71A2H + λ81A
2
2H + λ91A2H
2
(10)
The pair A2, B2 forms also a parafermionic-like algebra with the corre-
sponding structure function F2(A2, B2, H,A1), which has a similar form as
in (10).
The non degenerate Coulomb potential obey to the above parafermionic-
like ”Π” structure that characterize, almost all three dimensional superinte-
grable systems. Precisely the algebra needs some modifications due to the
difference of the integrals order and to one extra symmetry that appears in
system. In fact, the extra symmetries on a superintegrable system cause a
number of changes to the default ”Π” structure always respecting the ”Π”
shape. The extra symmetry that Coulomb potential have is {B1, F} = 0
and the general structure can be schematically represented by the following
figure:
A2



___ A1



B1 B2



F
(11)
The existence of one extra symmetry cause a basic difference to the general
structure; one new subalgebra arising that expands in terms of A1, B1, F
integrals that also imply the presence of one extra function F3(A1, B2, F,H)
which is a fourth order function. Particularly, the ”special” form of the
algebra defined by the integrals A1, B1, A2, B2, F is characterized by two
fourth order functions and one cubic:
F1 = F1 (A1, A2, B1, H) , F2 = F2 (A1, A2, B2, H) , F3 = F3 (A1, B2, F,H)
8
and satisfy the relations:
{A1, A2}P = {A1, B2}P = {A2, B1}P = 0, {B2, F}P = 0
{A1, B1}
2
P = 2F1(A1, A2, H,B1) = fourth order function
{A2, B2}
2
P = 2F2(A1, A2, H,B2) = cubic function
{A1, F}
2
P = 2F3(A1, F,H,B2) = fourth order function
{Ai, {Ai, Bi}P}P =
∂Fi
∂Bi
, {Bi, {Ai, Bi}P}P = −
∂Fi
∂Ai
{A1, {A1, F}}P =
∂F3
∂F
, {F, {A1, F}}P = −
∂F3
∂A1
{{A1, B1}P , B2}P = {A1, {B1, B2}P}P , {{A2, B2}P , B1}P = −{A2, {B1, B2}P}P
(12)
The structure functions of the above algebra are:
F1 = 4k
2A1B1 − 4k
2A2B1 + 4k3k
2B1 − 32k3k
2A1H − 4A1B
2
1 + 16A
2
1B1H−
−16A1A2B1H − 64k3A
2
1h
2 + 16k3A1B1H − 4k3k
4
F2 = −4k1A
2
1 + 4A2B2A1 + 8k1A2A1 + 4k1B2A1 − 4k2B2A1 + 8k1k3A1 − 4A2B
2
2−
−4k3A2B2 − 4A
2
2B2 − 4k1A
2
2 − 4k1A2B2 + 4k2A2B2 − 4k3A
2
2 − 4k1k3B2 + 8k2k3A2+
+4k2k3B2 + 8k1k2k3 − 4k1k
2
3 − 4k
2
1k3 − 4k
2
2k3
F3 = 4k
2A1F − 4k
2B2F − 4k1k
2F + 4k2k
2 − 32k2k
2FA1H − 4k3k
2F − 4A1F
2+
+16A21FH − 16A1B2FH − 16k1A1FH − 64k2A
2
1H
2 + 16k2A1FH − 16k3A1FH − 4k2k
4
The full algebra is:
{{A1, B1}, A2} = {A1, {A2, B2}} = {{A1, F}, B2} = 0
{{A1, B1}, B1} =
∂F1
∂A1
= −4B21 + 4k
2B1 + 32A1HB1 − 16A2HB1 + 16Hk3B1−
−128A1H
2k3 − 32Hk
2k3
{A1, {A1, B1}} =
∂F1
∂B1
= 16HA21+4k
2A1−8B1A1−16A2HA1+16Hk3A1−4A2k
2+4k2k3
{{A2, B2}, B2} =
∂F2
∂A2
= −4B22 + 4A1B2 − 8A2B2 − 4k1B2 + 4k2B2 − 4k3B2 + 8A1k1−
−8A2k1 − 8A2k3 + 8k2k3
{A2, {A2, B2}} =
∂F2
∂B2
= −4A22 + 4A1A2 − 8B2A2 − 4k1A2 + 4k2A2 − 4k3A2 + 4A1k1−
−4A1k2 − 4k1k3 + 4k2k3
9
{{F,A1}, A1} =
∂F3
∂F
= 16HA21 + 4k
2A1 − 8FA1 − 16B2HA1 − 16Hk1A1 + 16Hk2A1−
−16Hk3A1 − 4B2k
2 − 4k2k1 + 4k
2k2 − 4k
2k3
{F, {F,A1}} =
∂F3
∂A1
= −4F 2 + 4k2F + 32A1HF − 16B2HF − 16Hk1F + 16Hk2F−
−16Hk3F − 128A1H
2k2 − 32Hk
2k2
{A1, {B1, B2}} = {{A1, B1}, B2} = −16HA
2
1 − 4k
2A1 + 4B1A1 + 4FA1 + 16A2HA1−
−16Hk3A1 + 4A2k
2 + 4B1B2 − 4A2F + 4B1k1
−4B1k2 − 4k
2k3 + 4B1k3 + 4Fk3
{{A2, B2}, B1} = {{B1, B2}, A2} = 16HA
2
1 + 4k
2A1 − 4B1A1 − 4FA1 − 16A2HA1−
−16B2HA1 − 16Hk3A1 − 4A2k
2 − 4B2k
2 + 4A2B1 + 4B1B2 + 4A2F−
−4k2k3 + 4B1k3 + 4Fk3
{A2, {F,A1}} = {A1, {F,A2}} = −16HA
2
1 − 4k
2A1 + 4B1A1 + 4FA1 + 16B2HA1+
+16Hk1A1 − 16Hk2A1 + 16Hk3A1 + 4B2k
2 − 4B1B2 + 4A2F + 4k
2k1 − 4B1k1−
−4k2k2 + 4B1k2 + 4k
2k3 − 4B1k3 − 4Fk3
{{B1, F}, A1} = −16A1B1H + 16B1B2H + 16A1FH − 16A2FH+
+16B1k1H − 16B1k2H + 16B1k3H + 16Fk3H
{{A1, B1}, F} = −64A
2
1H
2 + 64A1A2H
2 + 64A1B2H
2 + 64A1k3H
2 − 16A1k
2H+
+16A2k
2H + 16B2k
2H + 16A1B1H − 16B1B2H − 16B1k1H+
+16B1k2H + 16k
2k3H − 16B1k3H − 4B1F
{{A1, F}, B1} = −4(16A
2
1H
2 − 16A1A2H
2 − 16A1B2H
2 − 16A1k3H
2+
+4A1k
2H − 4A2k
2H − 4B2k
2H − 4A1FH + 4A2FH − 4k
2k3H − 4Fk3H +B1F )
{B1, {F,A1}} = {{B1, F}, A2} = −64A
2
1H
2 + 64A1A2H
2 + 64A1B2H
2+
+64A1k3H
2 − 16A1k
2H + 16A2k
2H + 16B2k
2H + 16A1B1H − 16A2B1H − 16B1B2H+
+16A1FH − 16A2FH + 16k
2k3H − 16B1k3H − 16Fk3H
{{A2, B2}, F} = {B2,M} = −16HA
2
1 − 4k
2A1 + 4B1A1 + 4FA1 + 16A2HA1+
+16B2HA1 + 16Hk3A1 + 4A2k
2 + 4B2k
2 − 4B1B2 − 4A2F − 4B2F − 4B1k1 − 4B1k2+
+4k2k3 − 4B1k3 − 4Fk3
{{B1, B2}, F} = {{B1, F}, B2} = 64A
2
1H
2 − 64A1A2H
2 − 64A1B2H
2−
−64A1k3H
2 + 16A1k
2H − 16A2k
2H − 16B2k
2H − 16A1B1H + 16B1B2H − 16A1FH+
+16A2FH + 16B2FH + 16B1k1H + 16B1k2H − 16k
2k3H + 16B1k3H + 16Fk3H
{{B1, F}, F} = 64A1FH
2−64A2FH
2−64B2FH
2−128B1k2H
2−64Fk3H
2+16B1FH
10
{{B1, F}, B1} = −64A1B1H
2 + 64A2B1H
2 + 64B1B2H
2+
+64B1k3H
2 + 128Fk3H
2 − 16B1FH
{F, {F,A2}} = −4F
2 + 4k2F − 4B1F + 16A1HF + 16A2HF − 16Hk1F+
+16Hk2F − 128A1H
2k2 − 32Hk
2k2 + 32B1Hk2
{A2, {F,A2}} = 4A2k
2 − 4k1k
2 + 4k2k
2 − 4A2B1 − 8A2F + 16A1A2H+
+4B1k1 − 16A1Hk1 − 4B1k2 + 16A1Hk2
{B1, {B1, B2}} = −4B
2
1 + 4k
2B1 − 4FB1 + 16A1HB1 + 16B2HB1+
+32Hk3B1 − 128A1H
2k3 − 32Hk
2k3 + 32FHk3
{B2, {B1, B2}} = −4B2k
2 − 8k3k
2 + 8B1B2 + 4B2F − 16A1B2H+
+8B1k1 + 8B1k3 + 8Fk3 − 32A1Hk3
4 Conclusions
The three dimensional non degenerate Kepler Coulomb potential [2] satisfy
a ternary parafermionic-like fourth order Poisson algebra with quartic and
quadratic integrals. The systems have three subalgebras forming a special
”Π” structure. Each subalgebra coreesponds to classical superintegrable sys-
tem possessing two Hamiltonians. The example of the non degenerate Kepler
Coulomb system indicates that probably the known degenerate three dimen-
sional potentials are related to non degerate systems with integrals of motion
of order greater than two.
There is no results yet about the quantum superintegrable systems as also
there is not a compact general classification theory for three dimensional su-
perintegrable potentials. The structure of the corresponding Poisson algebras
for the degenarate systems is under investigation.
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